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^ Abstract 

H , 

I study the physical Fock space of the tensionless string theory with perimeter action, ex- 
ploring its new gauge symmetry algebra. The cancellation of conformal anomaly requires 
the space-time to be 13-dimensional. All particles are massless and there are no tachyon 
states in the spectrum. The zero mode conformal operator defines the levels of the phys- 
ical Fock space. All levels can be classified by the highest Casimir operator W of the 
little group E(ll) for massless particles in 11-dimensions. The ground state is infinitely 
degenerated and contains massless gauge fields of arbitrary large integer spin, realizing 
the irreducible representations of E(ll) of fixed helicity. The excitation levels realize CSR 
representations of little group E(ll) with an infinite number of helicities. After inspection 
of the first excitation level, which, as I prove, is a physical null state, I conjecture that 
all excitation levels are physical null states. In this theory the tensor field of the second 
rank does not play any distinctive role and therefore one can suggest that in this model 
there is no gravity. 



1 Introduction 



A string model which is based on the concept of surface perimeter or length was suggested 
in [1]. It describes random surfaces embedded in D-dimensional space-time with the 
following action 

S = m-L = ^J d 2 (Vh^Ki?Kl\ (1) 

where m has dimension of mass, h a b is the induced metric and K l ab is the second fun- 
damental form (extrinsic curvature). There is no Nambu-Goto area term in this action. 
Because the action has dimension of length L, alternative to the area, we have introduced 
a new dimensional parameter m which is very similar to the mass parameter in the action 
for relativistic point particle. This observation can be justified better if one takes a limit 
in which a surface shrinks into a single world-line, in that case the action (1) reduces to 
its length 

S -> mjds, (2) 

and allows to identify a new parameter m with the quantity which is in clear analogy with 
the point particle mass. Geometrically, the action is a natural extension of the geomet- 
rical concept of length, which is well defined for space-time curves, into two-dimensional 
surfaces 1 . 

The best way to understand the concept of surface perimeter is to use simple analogy 
with general relativity. In gravity the action measures the area of the four-dimensional 
universe alternative to its four- volume. The action includes scalar curvature term [R] = 
cm~ 2 and together with the volume element [y/gd 4 X] = cm 4 has dimension cm 2 . The 
coupling constant in front of the action should be therefore of dimension mass square: 
m 2 = 1/Gn- In our case dimension of extrinsic curvature is [K\ = cmT x and volume 
element has dimension [d 2 (Vh] = cm 2 , therefore our coupling constant has dimension of 
mass. 

At the classical level this model is tensionless because for the flat Wilson loop the 
action is equal to its perimeter S = m(R + T) [1]. One can guess therefore that the 
spectrum of the theory is massless or even continuous, but because of string rigidity there 
are nontrivial vibrational modes and the spectrum is masseless 2 . The solution of this 
nonlinear, high- derivative, two-dimensional world-sheet CFT is [22]: 

II£ = me" + PC + + i E - «ne" m?+ , (3) 

where k^ is momentum operator and a n ,/3 n are oscillators with the following commutator 
relations [x^, k u ] = irf v , [ai^,/3£] = n r}^ u S n+ k,o. The similar expansion exists also for the 
right moving modes a n ,f3 n . The essential difference between tensionless and standard 
string theories is the appearance of additional zero mode [e M , ix u ] = irj^, meaning that 
the wave function is a function of two continuous variables and e M : ^ ph ys = ^(k,e). 

1 In [4] the action is proportional to the spherical angle and has dimensionless coupling constant. 
2 This model also differs from the tensionless string models based on Schild's work on "null" string 
[5, 6, 7, 8] with its most likely continuous spectrum [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. 
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It was suggested in [22] that should be interpreted as a polarization vector. This fact 
has very important physical consequences. In particular it leads to high degeneracy of all 
physical states. 

Our aim is to study spectral properties of the model and the structure of its physical 
Fock space in analogy with the standard string theory [23, 24, 25, 26, 27, 28]. This is 
quite possible using the above mode expansion of the fields and exploring corresponding 
new gauge symmetries. In particular one should be able to prove that the physical Fock 
space is positive definite, i.e. ghost-free. 

This tensionless theory is invariant under new extended symmetries [22] . It is invariant 
with respect to the standard conformal transformation with generators 

L n = J2 : a n-i ■ A : 



and with respect to the infinite-dimensional Abelian transformation (11), (18) generated 
by the operator = II 2 — m 2 with the following components (10), (32), (37): 



k , k * 6, k ' cx n ^ k ' cx n ^ O 



nl- 



Therefore in covariant quantization scheme the space-time equations which define physical 
Fock space have the following form [22]: 



/ k 2 
k ■ e 
k ■ a Ti 
k ■ d Ti 

Qm 

Ln 



\ 



Phys 



o, 



n,l = 0,1,2, 



(4) 



/ 



As one can clearly see from the first equation in (4) all particles, with arbitrary large spin, 
are massless. This pure massless spectrum is consistent with the tensionless character of 
the theory and, what is very important, also tells us that there are no tachyon states. 

Our aim is to describe physical meaning of different operators in this system and 
analyze solutions of these space-time equations in details. They are similar to the Virasoro 
equations in Gupta-Bleuler quantization of standard string theory: 



(L - l)^ Phys = 0, L n * 



Phys 







n 



1,2, 



where the first equation is a generalization of Klein-Gordon equation because L = a 'k 2 + 
N and N — \ J2n=io a -nC*n is a mass level operator. The rest of Virasoro equations allow 
to prove the absence of negative norm states on every mass level of physical Fock space 
and require the space-time to be 26-dimensional: D c = 26. 

In our previous consideration of the tensionless strings we found that the critical di- 
mension is D c = 13 [22]. This follows from the cancellation of the conformal anomaly. 
The contribution to the central charge from bosonic coordinates is 2 x ^ = ^, which is 
twice bigger than in the standard bosonic string theory. The contribution of Faddeev- 
Popov ghosts to the central charge remains the same, therefore the absence of conformal 
anomaly requires the space-time to be 13-dimensional. 
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It is also important that L in our case has different meaning, because it has the form 

L = k ■ n/m + S, 

where S = J2n^o a -nPn- We shall define S as our new level operator with eigenvalues 
S = 0, 1, 2... and shall identify the operator k-ir/m with the length of the highest Casimir 
operator of the Poincare group. 

A natural question arose, whether the physical Hilbert space on every level S is 
positive-definite, i.e. ghost-free in analogy with the well known No-ghost theorem [23, 
24, 25, 26, 27, 28] in the standard string theory. We shall demonstrate that first two lev- 
els S = 0, 1, ground and excitation states, are well defined and that there are no negative 
norm waves. The vacuum state S = is infinitely degenerated and contains massless par- 
ticles of increasing tensor structure A^ 1 '-' tl8 (k) s = 1,2, .... After inspection of the first 
level S = 1, which happens to be a physical null state, we conjecture that all excitation 
levels S = 1, 2, 3, ... are physical null states. 

Let us first describe the ground state, S = 0. The wave function ^o(k, e) = \k, e, > is 
defined as a n |0, k,e > = (3 n \0, k, e > =0, n — 1, 2, .. and the system of equations 
(4) reduces to the following four equations [22]: 

k 2 = 0, e • k #o = 0, (e 2 - 1) = 0, — ^ = -S ^ = 0. (5) 

m 

It follows from the third equation that \l/o is a function defined on a unit sphere e 2 = 1, 
— ( — 1_ ____)_) anc i can expanded in the corresponding bases: 

= |0,fc,e> = A(k) + A^{k) e M1 + A" 1 '" 2 (A;) e^e^ + ...|0, A; > . 

We clearly see that because we have additional variable e M the vacuum state in infinitely 
degenerated. The fields A^'-'^ik) describe massless particles of increasing tensor struc- 
ture. They are symmetric traceless tensor fields because they are harmonic functions 
on a sphere e 2 = 1, and it follows from the last equation in (5), that k^ A Ml '"' Ms (A;) = 
0. Thus the fields A^ 1 '"'^ are: 1) symmetric traceless tensors of increasing rank s = 
0,1,2,..., 2) divergent free A^ 1 '-^ 8 = and 3) satisfying massless wave equations 
k 2 A^ 1 '-^ 8 = 0. All the above conditions are sufficient to describe integer spin fields 
[29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41]. Thus the ground state is infinitely degen- 
erated and contains gauge particles of arbitrary large fixed helicity. Every tensor gauge 
field A^ 1 '-^ 8 , s = 0,1,2,.. appears only once in the spectrum. The infinite degeneracy 
of the vacuum state reflects enhanced symmetry of the model. In some sense the leading 
Regge trajectory degenerates into a single ground state and one can only speculate that 
it may describe unbroken phase of standard string theory when a — > oo [2, 3]. 

Two remarks are in order. The first remark is connected with the infinite degeneracy 
of the vacuum state. It has been found that statistical system of random surfaces with the 
same perimeter energy functional (1) can be formulated on a cubit lattice, and is equivalent 
to a spin system with competing ferromagnetic and anti- ferromagnetic interaction [50]. It 
is a remarkable fact that this spin system also has exponential degeneracy of the vacuum 
and excitation states of order 2^, where N is the size of the lattice. This degeneracy 
should be compared with only double degeneracy of the vacuum state of the Ising model 
with area energy functional. 
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The second remark is connected with the four vacuum equations (5), they actually 
coincide with the four equations introduces by Wigner in 1963 [43, 44, 45, 46, 47, 48, 49] 
in order to describe the irreducible representations of the little group of the Poincare 
group. Therefore these equations naturally follow form the tensionless theory, which 
is formulated in terms of Lagrangian mechanics and action principle. They describe S 
representations of massless particles of fixed helicity. For these representations the highest 
Casimir operator W = (k-n/m) 2 = S 2 of the little group £'(11), which is Euclidean group 
of SO(ll) rotations and displacements T(ll) for massless particles in 11-dimensions, is 
equal to zero: S = 0. Alternatively, the excitation levels realize the second class of 
infinite dimensional representations 0(H) for which S ^ and describe states with an 
infinite number of helicities. As we shall see in tensionless theory they are physical null 
states and therefore do not produce explicit contradiction with the obvious experimental 
fact that there are no particles with infinite number of helicities. 

Indeed, the first excitation state S = 1 of the closed string depends on four polarization 
tensors ^(e), cj^(e), C^( e ) an d X^( e )- The restriction on these tensors follows from our 
space-time equations (4). Solving them we shall see that Xnu{ e ) — > ^ v — ^{&)k^k v = 
— and ^jy(e) remain arbitrary, thus 

tti = [ ^(ejaV-i +«v(e)(c£i#: i - Pt^) ]|0, k,e > . (6) 

The norm of this state is < >= —ou^u^ = — \u\ 2 {k 2 ) 2 and therefore is equal to 

zero! It is also normal to the ground state < ^ol^i >— 0. Thus the first excitation is a 
physical null state and realizes the infinite-dimensional representation 0(H) with S = 1. 
This consideration allows to make a conjecture that all excitations are physical null states 
and therefore define gauge parameters of huge gauge group. In this respect new extended 
algebra of our space-time equations (4) should play a crucial role defining positive definite 
metric in physical Fock space on every level. 

In the next sections we shall review solution of our basic world-sheet equations in 
conformal gauge together with the mode expansion of these fields (3) and calculation of 
the critical dimension in path integral formulation of the theory and shall formulate our 
space-time equations (4) in Gupta-Bleuler quantization scheme [22]. I shall also describe 
extended symmetries of the model in terms of new G algebra (34), (35) and (36). It 
is an Abelian extension of conformal algebra and equations (33) suggest its oscillator 
representation. To this author it is not known, whether this algebra has appeared also 
somewhere else. 

Our main goal is to solve these space-time equations for the first few levels and to find 
out the appropriate interpretation of the corresponding operators. We shall see that the 
vacuum is infinitely degenerated and every massless fixed helicity state appears only once 
in the physical spectrum and there are no tachyon states. In this model the tensor field of 
the second rank does not play any distinctive role and therefore one can suggest that in 
this model there is no gravity. The inspection of the first level shows that it is a physical 
null state defining gauge transformation of the ground state wave function. 

In the last section I shall also present a short review of the finite- and infinite- 
dimensional representations of the little group of the Poincae group defined by Wigner 
[43, 44]. These representations naturally appear in this tensionless string theory on dif- 
ferent levels of the physical Fock space. 
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2 Equations and symmetries of the Model B 



The gonihedric action (1) can be represented in the form [22] 

S = ™ f d \Vh ^(A(h)X,) 2 = - I d\ IP VhA(h)X„ (7) 

here h ab is the world-sheet metric, A(h) = 1/y/h d a y/hh ab db is Laplace operator and I 
shall consider the model B, in which two field variables X M and h a b are independent. This 
is nonlinear, high-derivative, two-dimensional world-sheet conformal field theory which 
can be solved exactly . 

To get classical equations and world sheet energy-momentum tensor one should com- 
pute variation of the action with respect to the coordinates 

(I) A(h) IP = (8) 

and the metric h ah 

(ii) r ah = d {a w d b} x» - h ab h cd d c ip d d x» = o, (9) 

where we have introduced the operator IP: 

A(h)X» 



IP = m 



V(A(*o*") 2 ' 



It has a property very similar to the constraint equation for a point-like relativistic particle 
but with the essential difference that it is a space-like vector, 

(III) = IPIP - m 2 =0. (10) 

The energy momentum tensor is conserved V a T ab = and is traceless h ab T ab = 0, 
thus we have high-derivative nonlinear two-dimensional world-sheet conformal field theory. 
Equations (8), (9) and (10) completely define the system. We have equation of motion (8) 
together with the constraint equations (9) and (10). We should stress that in addition to 
the conformal generators (9) we have an enhanced symmetry generators (10) responsible 
for the symmetry transformation [22]: 

5 (\fh A(h)X^) = n IP, 5IP = 0, 5h = 0. (11) 
Indeed the variation of the action is 

5S = - I d 2 ( IP 5(VhA(h)X») = — [d 2 ( n, (12) 

7T J 7T J 

and is a total derivative because f2 = V a \fh i? a . This transformation can be partially 
integrated out if we add the term Xa Vh d a IP to the transformation (11). The ac- 
tion is still invariant, because IF - m 2 = and IP<9 a IP = 0. Then 5(VhA(h)X^) = 
IP V a \Jh -& a + \fh -& a d a IP = V a ( IP y/h -& a ) and we have our new symmetry trans- 
formation in the form 

S(d a X») = IP O , <5IP = 0, Sh = 0. (13) 

One can also check that 5T ab = 0. As we shall see, the theory avoids many obstacles of 
high derivative field theory, thanks to this extended symmetry. 
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3 Solution in Conformal Gauge 



We can fix the conformal gauge h ab = prj ab using reparametrization invariance of the 
action and represent it in the form (see (7)) 

S = - [ d 2 (J(d 2 X) 2 = - [ d 2 ( IF d 2 X», IP = m f X " . (14) 

7i J 7i J ^{d 2 Xf 

In this gauge the equations of motion are more simple 

(/) <9 2 IP = (15) 
and they should be accompanied by the constraint equations (9) and(10) 
(//) T ab = 8 {a W d b} X» - n ab d c IP d c X» = 0, 

(///) <d = WW-m 2 =0. (16) 
In the light cone coordinates = (° ± C 1 T ab takes the form 

T ++ = 2 d+Wd+X", 

T__ = 2 d-Wd-X*, (17) 

with trace equal to zero T H = 0. The conservation of the energy momentum tensor takes 

the form <9_T ++ = d + T = and requires that its components are analytic T ++ = 

T ++ (( + ) and anti-analytic T = T ((~) functions. Thus our system has infinite 

number of conserved charges. This residual symmetry can be easily seen in gauge fixed 
action (14) written in light cone coordinates / ^(d + d_X^) 2 d(+d(-, it is invariant under 

the transformations ( + = /(C + ), C~ — 9(( ) where / and g are arbitrary functions. 
Our new symmetry transformation is 

5(d a x») = if u a , if - if. (is) 

The classical equation is d 2 IP = 0, therefore IP is a function of the form 

n " = m W^ M+l+nS(n) ' (w) 

IS 

arbitrary function of ( + and Thus X M is a sum of inhomogeneous and homogeneous 
solutions 

= \[x^C) +x£(0\ + \fj ( (n^(C + ) + n^(r)] n(( + ,C)d( + d(-, (20) 

where X£(£ + ), X^((~) are arbitrary functions of ( + and (~. We have therefore two 
left X£(C + ), II£(C + ) and two right movers X£(C _ ), n£(C - ). These degrees of freedom 
are twice bigger than in the standard string theory, this is simply because world-sheet 
equations here are of the forth order. The constraints (17) take the form 

t ++ = \ ri£(C + ) X£(C+), T„_ = \ ri£(c) X»(C)}, (21) 

verifying the fact that they are indeed functions of only one light cone variable and are 
Q independent. 



One can find now that d + <9_ X" = |[Il£(C + ) + n£(C - )] where fi(C + ,C 
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4 Critical Dimension D c = 13 



The action (14) is invariant under the global symmetries SX^ = A.^ V X U + a M , where 

is a constant antisymmetric matrix, while is a constant. The translation invariance of 

the action (14) 5 a X^ = results into the conserved momentum current 

P% = dJP, d a P% = 0, P"= f Poda (22) 

((^ = er) and Lorentz transformation b~\X^ = h.^ v X v into angular momentum current 

M£ v = X^d a U u -X v d a U^+U^d a X u -U v d a X^, d a M^ v = 0, AP" = J M% v do. (23) 

Last two terms in M^ v define internal angular momentum current and we shall find an 
appropriate physical interpretation for them considering representations of the Wigner's 
little group of the Poincare group in the next sections. They actually describe helicities of 
the massless particles. One can also check that SM^ = under transformation (13), (18). 

From its definition the momentum density Pq(C°, C 1 ) — d H^ is conjugate to X^((°, C 1 ) 
and therefore [X^(C°, C 1 ), ^(C , C' 1 )] = iv^HC - C' 1 )- From (14) we can deduce the 
propagator < Il^(QX u (0 > = ^-ln(\C — CI/-0- Using explicit solution (20) one can get 

< n£(c-)X£(C-) >= vT H((- - CM, < n£(c+)X£(c+) >= ir M(C + - C + V)]- 

Now we are in a position to compute the two-point correlation function of the energy 
momentum operator: 

<TT ++ (C + )T ++ (C + )> =\ (c+ ^ +)4 - (24) 

The ghost contribution to the central charge remains the same as for the standard bosonic 
string: 

< T Tf +(C +) Tf + (C + ) > = -H__L_ 

therefore the absence of conformal anomaly requires the space-time to be 13-dimensional, 
close to the 11-dimensional space-time of M-theory [22] 

D c = 13. (25) 

This result can be qualitatively understood if one takes into account the fact that the 
field equations here are of the fourth order and therefore we have two left movers and 
two right movers of X and II fields, thus two times more degrees of freedom than in the 
standard bosonic string theory 2 x | = |. We shall confirm this calculation also using 
mode expansion of conformal generators L n in the next section. 



5 Mode Expansion and Quantization 

Let us now find mode expansion of different operators in the general solution (19), (20). 
The appropriate boundary condition for closed strings is simply periodicity of the coor- 
dinates X^^X 1 ) = ^ M (C°) C 1 + 27i"). The arbitrary periodic functions X^ and can 
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be written as normal mode expansions in the form [22]: 



X» = x» + -tt^C + i E - ^e" mr . (26) 



where X» = |(X£(C + ) + ^£(C~)), and in similar manner IP = ±(II£(C + ) + n£(C - )) 



III = me" + W( + + <e" in(+ , 



= me" + FC" + % E - «^- inC " . (27) 

Substituting the above mode expansion into the basic commutator [X£ niC 1 * 1 ), PlbLC^)] = 
2nirj" l/ S(C ± - gives 

[e", **\ = [x*, k v \ = irT, K, P u k ] = n iT <W» 

where = k", (5q = n^/m are zero modes momentum. We can also deduce a less trivial 
commutator [22] 

[atXJUK*). n^^)] = -2^5^ - c ,d =), (28) 

which tells us that II and E = — X form a second pear of canonically conjugate variables of 
our higher derivative theory. All other commutators are equal to zero. It is important that 
commutators and momentum operator II are invariant under transformation (13), (18). 

Using above mode expansion we can find the generators of the Lorentz group 
(23) 

M i*» = + E i*» + o»\ (29) 

where 



= x "k v - x v W = i{k"d v k - k v d£) 

OT = 2i E - (P»n< - P- n a» + Pt n a» n - P»_ n aO (30) 

The unusual term in this expression is E" v ', which acts on the new variable e M . Indeed, as 
we explained in the introduction, the difference between tensionless and standard string 
theories is the appearance of additional zero mode [e M , tt u ] = if]' iu , meaning that the 
wave function is a function of two continuous variables k" and e M , the momentum and 
polarization, ^ph ys = ^(k,e). This means that one should define not only initial and 
final momenta of the tensionless strings, but also the initial and final directions of the 
polarization vector. This fact has very important consequences. In particular it leads to 
high degeneracy of the physical states. This can be seen if one expands the wave function 
in terms of new vector variable e M : ^ p h ys = S s ^^i,...,At s e m ...e Ms , these fields Vf^,...,^ 
belong to the same level of the Fock space S. 
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These fields are nontrivial helicity eigenstates of the highest Casimir operator W = 
Wp_ 3 of the Poincare group, which is the square of the D-3 Pauli-Lubanski form wds = 
kAM = kAE, and defines S or 0(H) representations of the little group E(ll) depending 
on whether W = H 2 is zero or not. We shall analyze this expansion in the next sections. 

To guarantee that string states are Lorentz multiplets one can check the commutators 

[L n ,M^] = 0, [6 n , m ,MH=0. (31) 



6 Enhanced Gauge Algebra, Q-Algebra 

Let us now define the Fourier expansion of our constraint operators, they are the conformal 
operators L n and our new operators 0„ irrt 

L n =< e inC+ : Pi d+Xl :>, 9 n ,i =< e i<++iK ~ : IT" IF - m 2 :> (32) 

thus we have 



L n = a n-l ■ Pi '■ L n = J2 : a n-l ■ A : 

I I 
@o,o = m 2 (e 2 - 1) + ^ ^ : (a_ n a„ + <$_„ a„) : 

_ im 1^1 

©n,o = — e ' a « -t2^7 7r;-an-i-ar- n = ±l,±2, .. 

n 4 x ^ n (n - 1)1 

n im ~ 1 V" 1 4.1 _i_o 

c>o,n = — e- a n - - ^ (x n -i- ar. n = ±l,±2, .. 

n 4 i^o,n \ n l r 

@n,fc = a n - a k : n,k — ±1, ±2, .... (33) 

The conformal algebra has here its classical form but with twice larger central charge 

[L n , L k \ = (n- k)L n+k + ^(n 3 - n)5 n+k>0 (34) 

and with the similar expression for right movers L n . The reason that the central charge 
is twice bigger than in the standard bosonic string theory 2 x y| = ^ is simply because 
we have two left and two right movers of field, twice bigger degrees of freedom 3 . 
The full extended gauge symmetry algebra of constraints (32) takes the form 



[ L n , 6o,o] 


= -2nQ n ,o 


[L n , @o,o] = 


-2n6 ,„ 


[ L n , Q k fl] 


= -{n + k)Q n+kfi 


[L n , ©fc,o] — 


-2nQ Kn 


[ L n , ©o,fc] 


= -2nO n ,k 


[L n , ©o,fc] = 


-{n + k)Q ,n+k 


[ L n , Q k j] 


= -(n + k)O n+k: i 


[L n , ©fe,j] = 


-{n + l)Q Kn+ i 


[ L n , k 2 ] 


= 


[ L n , k 2 ] = 





[L n ,k- e] 


= k ■ a n 


[ Ln, k-e} = 


= k ■ a n 


m 


m 


[L n , k ■ Oil] 


= -I k ■ a n+ i 


[L n , k-a t } = 


= —I k ■ OL n +l, 



(35) 

3 Such doubling of modes is reminiscent of the bosonic part of the TV = 2 superstring [51]. In the last 
model there was an essential problem in identifying the coordinates which are introduced in addition 
to the normal coordinates [51]. In our model the coordinate field X has simply two sets of commuting 
oscillators and the conjugate fields are described by a separate field 11^. 
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where we have included commutators with the operators k 2 , k-e, k- an, k ■ ai because 
they are constituents of the r dependent part of the operator as one can see from the 
formula (37). Therefore we added them to the full algebra of gauge operators. One should 
stress that it is an essentially Abelian extension 

[®n,k,®i, P ] = 0, n,M,p = 0,±l,±2,... (36) 

One can easily check that Jacobi identities between all these operators are satisfied, there- 
fore the relations (34), (35) and (36) define Abelian extension of conformal algebra and 
hint that there exist symmetries higher than the conformal algebra. The equations (33) 
suggest its oscillator representation. To this author it is not known, whether this alge- 
bra has appeared also somewhere else. In the next section we shall analyze the physical 
Fock space, new generators play fundamental role in defining the particle spectrum of this 
theory. 

7 Physical Fock Space 

To define the physical Hilbert-Fock space we should first impose our new constraint O = 
n 2 — m 2 . The reason is that as we shall see it defines the spectrum of the theory [22]. 
Indeed the last operator has a linear and quadratic (° = r dependence which in fact 
uniquely defines the spectrum of this string theory: 

(IT 2 - m 2 ) = k 2 r 2 + 2{me -k + k- U oscil }r + U 2 oscU + 2me ■ U oscU + m 2 (e 2 - 1). (37) 

The first operator diverges quadratically with r and the second one linearly. Therefore 
in order to have normalizable states in physical Hilbert-Fock space one should impose 
corresponding constraints. We are enforced to define the physical space as 

k 2 Vphys = 0, e-k^ phys = 0, k-a n ^ phys = 0, k-a n ^ phys = 0, n = 1, 2, ... (38) 

The first equation states that all physical states with different spins are massless. This is 
consistent with the tensionless character of the theory. The rest of the constraints which 
come from the oscillatory part of the operator 6 = II 2 — m 2 take the form 

®n,kV P hys = n,k — 0, 1, 2, .... (39) 

We have to impose the conformal constraints as well 

(L - a)^ phys = (L - a)^ phys = 

L n V phys = L n ^ phys = n = l,2.. (40) 

together with "level" 4 matching condition 

(L - L )V phys = 0. (41) 

Thus the physical Fock space is defined by the equations (38), (39), (40) and (41). We shall 
make considerable efforts to understand and solve these space-time equations. 

4 We shall define this concept below. 
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We are now interested to study " level by level" physical space solving the full system 
of space-time equations described above. As we just explained the essential difference 
with the standard string theory is the appearance of additional zero modes 

\e»X\ = [x",k u ] = ijf v 

meaning that the wave function is a function of the momentum and polarization vectors 
k^ and e M 

* Ph ys = *(k,e). (42) 

The other difference is that despite the fact that we have the same conformal algebra as 
in the standard string theory nevertheless there is an essential difference consisting in the 
oscillator representation of conformal operators. In particular, as we have seen above, the 
operators L and L do not define a mass spectrum any more, instead, as we shall see, 
they define the helicities of the massless representations of the little group of Poincare 
group. To make these things more clear it is helpful to separate zero modes «o and (3q 
from other high modes. The L and L operators will take the form 

k ■ ix 00 

{ "OA) + a -nPn -a} ^p hys = { h a -nPn + P-n^n } ^ phys = 0, 

n^O 171 n=l 

k ■ 71 00 

{ a [3 + J2 ®-nl3n -a} ^p hys = { h a -nPn + P-n^n } * ' phys = 0, (43) 

n^O 171 n=l 

where the constant a should be tuned to eliminate vacuum oscillations. After introducing 
the "level" operators E L and E R as 

00 00 

S i = S( a ~nPn + P-nOin ), Sfl = ^ ( ®-nPn + P-n&n ), (44) 

n=l n=l 

the above space-time equations, which involve L = k ■ n/m + El and L = k ■n/m + Ep, 
will take the form 

Vphys = -E L y Phys = -E R ty Phys . (45) 

TTh 

In the vacuum state of all oscillators the eigenvalues of these operators are equal to zero 
El = Ep = 0, thus we can define the vacuum as a zero level state, and the equations 
reduce to the following one 

^^o = 0. (46) 
m 

In general, when oscillators are in high excitation states, the eigenvalues of these opera- 
tors are integer numbers El = E R = E = 0, 1,2... and we can use them to define levels 
of our Fock space. In this theory, with all its massless states, these numbers allow to 
identify subsets Hr of states in the full Hilbert-Fock space. At the same time these num- 
bers actually define irreducible representations S or 0(H) of the Euclidean little group 
E(ll). Therefore string states represent an explicit realization of different irreducible rep- 
resentations of the (D-2)-dimensional Euclidean group E(D — 2) consisting of SO(D — 2) 
rotations in the transverse hyperplane and D — 2 displacements T(D-2). 
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Now let us consider the constraint 60,0, it has the form 

00 j 

{ m 2 (e 2 - 1) + 7T^( a -n «« + cL n «n) } = (47) 

n=l Zn 

and again for the vacuum state it reduces to the equation 

(e 2 - 1) * = 0. (48) 

One should study in great details this Hilbert-Fock space in order to learn more about 
the spectrum of the theory and to prove the absence of the negative norm states. Let us 
start from the ground state. 



8 Ground state, S = 

First of all let us build the table of equations as follows, on the left hand side we shall 
show symbolically all our space-time equations (38), (39), (40), (41) and on the right hand 
side the equations to which they reduce for the vacuum state 



/ k 2 
k ■ 



k 



V 



e 

«n 

k ■ d n 
L„ 



Phys 



o, 



Thus for the ground state \& 



/ k 2 \ 
k ■ e 


*(l = 0. 

(e 2 - 1) 

k • 7T 

y k • 7r 



\k, e, > which is defined as 



(49) 



|0, k, e> = p n \0, k,e> = 0, n = l,2, .. 



from the above consideration we have four equations 

k 2 * = 0, e-k^ = 0, ( e 2 - l)^o = 0, k ■ tt ^ = 0. 



(50) 



If one changes by hand the first equation in this system introducing a mass term {k 2 + 
M 2 )^ = Othen it is easy to see that consistency condition, which comprises in computing 
all commutators between four operators in (50) will require M 2 = 0. Indeed [ L , e-k] = 
[ k • tt, e • k\ = -ik 2 = iM 2 = 0. 

The metric signature is rj^ = (— 1, +1, +1) and the is a space-like unit vector. 
This fact is not accidental because the initial vector II M was a space-like vector (10) and 
therefore its zero frequency part e M (see mode expansion (27)) inherited this property. 
Therefore the first three equations allow to interpret the vector e M as a polarization vec- 
tor normal to the momentum vector k^ [22]. The space-time wave function \l/o — ^{k,e) 
depends therefore on two independent variables: space-time momentum k^ 1 and polariza- 
tion vector e M (42). The wave function is a function on a unit sphere e 2 = 1 and can be 
expanded in the corresponding bases 



m = | , k, e >= {A{k) + A^(k) e m + A^{k) e m e M2 + ...}|0, k > 



(51) 
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We clearly see that because in this model we have additional variable e M the vacuum state 
in infinitely degenerated. Every field A^'-^^k) describes massless particle of increasing 
tensor structure. It is a symmetric traceless tensor field because it is a harmonic function 
on a sphere e 2 = 1. The constrain (40), (45), (46) reduces to the last equation in (50) 

d 

fc-7r|fc, e, > =ik II —\k,e,0> = i {k^A^^k) +k fll A fil,fl ' 2 (k) e M2 + ...}|0, k >= (52) 

and it follows from this equation that 

k^ A^'-^(k) = 0. (53) 

Thus the fields A* 11 '"^ 3 are: 1) symmetric tensors of increasing rank s = 0,1,2,..., 2) 
traceless in the sense that rj^^^A^ 1 '-^ 3 = 0, 3) divergent free A^ 1 '"^ 3 = and 4) 
satisfying massless wave equations k 2 A Ml '-" Ms = 0. All the above conditions are suffi- 
cient to describe integer spin fields [29]. In the vacuum we have therefore massless fields 
A fll '--- fis (k) of integer spin and momentum vector k^, they are fixed helicity states of the 
little group -E'(ll). Thus the vacuum is infinitely degenerated and every fixed helicity state 
appears only once in the physical spectrum and there are no tachyon states. What is also 
important, our tensor fields expansion is invariant under Abelian gauge transformation 

+ X(k)k ll , (54) 

where x(k) * s an arbitrary function of momentum k. 



9 First Excited Level S = 1 



Let us now consider the first excitation of the most general form 
|*i >= [ Me W-i + ^(e)^^! + C^(e)^i«-i + \% e, >, (55) 

where polarization tensors ^(e), cu^e), C^(e) an d x^( e ) are m general a function of 
the vector e M . Using operator algebra of (cx,/3) oscillators one can see that 

S L |*i > = S fl |*i >= |*i >, 

thus justifying the fact that it is a level one state E L = E R = 1 (see equation (45). The 
equation (45) now takes the form 



1 , i , d 

— k-ir\^ 1 > = — k ll — 
m m oe,, 



l^i > 



|*i > • 



(56) 



Let us now consider the rest of the equations for the first level wave function: 



/ k 2 \ 

k ■ e 

k ■ ot\ 

k • dii 

e 00 
e i 

On 

u 

V Li ) 



1*1 >= 



/ k 2 

k • e 

k ■ CKi 

k • &i 

m 2 (e 2 



1) + |(ai_ia!i + Oi-lOii) 



im e • Oi\ 
im e • 6i\ 

— -^OtlOii 

Giofh + A)"l 
V a Pi + Po&i 



\^i >= 0. 



(57) 
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The equation Oool^i >= takes the form 

(e 2 - 1)^ + \r + = (e 2 - 1)^ + ^xT = (e 2 - 1)C^ + \*T = (e 2 - I)*"" = 
with the solution = 0, + w^" = 0, e 2 — 1 = and we are left with the state 

|*i >= [ + }\k,e,0 > . (58) 

The equations ka^i >= kdi\^i >= tell us that 

fc^uv = u^tf = 0. (59) 
The equations ©ioI^i >= ©oil^i >= ©n|*i >= take the form 

e^ u = uj^e v = (60) 
and finally our constraints L 1 \^ 1 >= Li\^>i >= are 

1 id 
LVu„(3o\k, e,0 > = — uj^7i"\k, e, > = —u^-—\k,e,0 > = 0, (61) 
m m oe u 

and 

k^u = i^k v = 0. (62) 

Having in mind the equations (51), (52) for the vacuum wave function the first equation 
reduces to the form 

co^A^-^ = 0. (63) 
We can also compute the norm of this state: 

< >= -2u%ur, (64) 

it is remarkable that it is independent on the tensor ^ ftv . Thus we have to analyze 
solutions of the equations (56), (59), (60), (62) and (63). From (60) it follows that nonzero 
components of are only ujqq, u>o,d-i, &d-i,o, &d-i,d-i simply because this tensor 
should be orthogonal to D — 2 space-like mutually orthogonal polarization vectors 

e l! e 2> ; e D-2> e i e j = $ij (65) 

and the equations (59) tell us that c^oo = <^o,d-i = wd-i,o = wd-i,d-i, thus 

lo^ = u(e)k fl k u . 

It follows now that the norm (64) of our first level physical state (58) is zero! The only 
remaining restriction on polarizations £ MJ , and are equations (62) and (56) 

= ffu/fc'' = 0, k^— £x e (e) = im £\ e (e), k^— ui(e) = im u(e). (66) 

Because the first level physical wave function (58) has zero norm, it defines gauge trans- 
formation of the ground state wave function \l>o- We have to learn how this gauge trans- 
formation acts on the high spin fields A 111 '-^ 3 . 
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10 Enhanced Gauge Invariance 

Let us summarize our findings. The first two levels of our physical Fock space are: the 
ground state wave function which uniquely describes massless states of increasing 
helicities A* 11 '-^ and the first excited state wave function of the form: 

*i = [ P,e,0 >, (67) 

with nonzero tensors ^^(e) , and = k jJ k v u{e), and these tensors are subject to the 
constraint (66). The norm of the state is equal to zero and it is orthogonal to the 
ground state wave function 

>=0, <^ |^i>=0. (68) 

Thus y&i is physical null state, and so we can add it to any physical state with no physical 
consequences. We could therefore impose an equivalence relation 

~ + (69) 

Let us first consider the case when u)(e) = 0. Expanding the tensor ^(e) in e series 
J2j ^l'"^ Se fMi--- e fMs from equations (66) we can get its properties 

W = k v = 0, k, s * = im ^-^-\ E = 1. (70) 

Then using explicit form of the \&i function 

*i = (EC-^^.-eJ QT^ „<"...<") ot 1 &L 1 \0,k> 

s s 

the equivalence relation 5^/ — will imply the gauge transformation of the tensor fields 
A^ 1 '-'^ of the form 

5 A = A5ip 

SA" 1 = A" 1 6(p + AS^ 1 

SA^ 2 = A^Stp + A^Sip^ + AStp^ 2 ' ' 



where 



These gauge parameters have following properties: 

k„ s (J^ 1 -"- 1 ^ = im fy" 1 -"- 1 . (73) 

Analogous transformation is generated by the tensor u; MI/ (e) = u>(e)k fl k u : c<j(e) = 
^ s w' 11 " , ' i 'e w ...e (ls , with the level one condition, S = 1 

k^ s u^-^- 1 ^ = im w" 1 -"- 1 , 

thus in this case 

8<p = uo k„k v {at^-^a^) 
(74) 
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11 Representations of the Little Group E(ll) 



All Lorentz transformations L which leave a fixed null vector k^ = k(l, 0, 0, 1) invariant 
L k = k form a subgroup called "little group" [43] 5 . The group of Lorentz transformations 
which leave a null vector k^ invariant is a two-dimensional Euclidean group of rotations 
R(9) = exp (—iM xy 9) in the plane transverse to the vector k and displacements T'(a) = 
exp (— ian ), T (f3) = exp {—ifiix ), which are induced by Lorentz generators 



M xy , n =M ZX - M tx , n =M zy - M ty . 
They form the Euclidean algebra E(2) 



[vrV] = 0, [M xy ,n] 
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[M xy , 7r"] = -i7r'. 



(75) 



(76) 



Two Casimir operators of the Poincare group are given by the operators P = k 2 and 
W = w 2 - square of the Pauli-Lubanski vector = e^ uXp k u M\ p 



1 2 n2 
W = 7T + 7T 



(77) 



where we have used 

W = M X y, W Z = ~M X y, Wy = M Z . 



M tx = 7i , w x — M. 



zy 



M t y = 71 . 



To describe representations of the little group one can take M xy in a diagonal form 
with integer eigenvalues s = 0, ±1, ±2, ... and then from Lorentz subalgebra (76) it follows 
that both Ti generators have Jacoby: form [43] 



M xy = 



\ 



-2 



- 1 







+ 1 
+ 2 



7t 



\ 



S/2 



S/2 


S/2 



S/2 

S/2 
S/2, 
S/2, 



S/2 




(78) 



7T 



iS/2 
- iE/2 
-iS/2 



iS/2 

iE/2 
iE/2, 
- iE/2, 



V 



iS/2 




/ 



(79) 



These infinite-dimensional representations can be characterized by the parameter S which 
can be assumed to be any positive real number. One can now compute the Casimir 
operator W for these representations: 



W 



1 2 // 2 

71 +71 



5 For simplicity we shall consider in details only four-dimensional space-time. The extension to high 
dimension can be found in [44], see also [45, 46, 47, 48, 49]. 
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Let us define the state with fixed helicity s (0, ±1, ±2, ...) as M xy \s >= s\s >. It can 
be represented as an infinite vector with entry one in the row s: 

/ • \ 

1 





V • J 

The action of the ir' generators on this vector can be found by using (79) 



s > 



(81) 



1 > +\s + l >), 



n" \s >= ~—(\s - 1 > -\s + 1 >). 



These relations tell us that under the Lorentz boosts the state with helicity \s > transforms 
into the states with helicities \s ± 1 > with the amplitude proportional to S/2. 

Only in the case when S = we shall have invariant pure helicity states \s > which 
decouple from each other. These are well known physical representations S appearing in 
standard field theory of massless particles, where W = S 2 = 0. 

When S ^ we shall have representations, in which helicity of the "particle" can take 
any integer value s — 0, ±1, ±2, .... If one prepares a "particle" in a pure helicity state 
s = N then after Lorentz boosts one can find the same "particle" in different helicity 
states with nonzero amplitude. These are so called "continuous spin representations - 
0(H) " CSR [43]. Let us introduce the coherent state of different helicities 



lv?>=E' 



s > . 



Under rotation R{6) in xy-plane it will transform as 

R(9)\(p >=J2e isip R(8)\s >= ^e^e me |s >= \ip + 9 > 

s s 

and under Lorentz boosts as 

tt'Iv? >= ^V s V|s >= J2 eisV 77 (I s ~ 1 > +l s + 1 >) = 2 cosy?|y9 > 



(82) 



and 7r \(p >= Ssin (p\(p >. 

In high dimensions the displacement generators are 7Tj, % — 1, D — 2 and the little 
group for the massless particles in D-dimensions is a (D-2)-dimensional Euclidean group 
E(D — 2) induced by the following Lorentz generators: 



Mij, Tii = M D _ U - M w , i — 1, D — 2 



(83) 



with commutators 



7T,; 



Mi. 



IT, 



0, 

ii&ikMp - 6 a M jk + 5jiM lk - 8 jk M a ). 



(84) 
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The highest Casimir operator of the Poincare algebra is given by W = w%_ 3 - the square 
of the 

form 



of the D - 3 Pauli-Lubanski form w^'"^ D - 3 = 1 e ^,...^ D - 3 ,uXp k M d h th 



W = Y.A (85) 

i 

If W = H 2 = we have again finite-dimensional irreducible representations of the trans- 
verse group SO(D — 2) which we shall identify as pure "generalized helicity" states S . By 
generalized helicity one should understand an irreducible representation with SO(D — 2) 
quantum numbers. If on the other hand W = H 2 ^ the irreducible representations of the 
little group E(D — 2) are infinite-dimensional and contain infinite number of irreducible 
representations of SO(D — 2), and I suggest to denote them again as 0(H). 

Discussing the representations of the Poincare group Wigner was arguing that the 
relativistic wave function should depend on two variables x and £ in order to describe 
irreducible representations of the little group. For that he suggested three equations 
(equations (6.5),(6.6)and (6.7) in [43]): 

(p . p )ip = M 2 i) 

(P-O^P = 0, (86) 

(in massless case M 2 = 0) and postulated that the Lorentz generators should have the 
form 

= iip^d; - fd» + - Cdg) = + E» v . 

Computing the Casimir operator W = w 2 = (p A M) 2 of the Poincare group for this 
representation of M pv , that is the square of the Pauli-Lubanski vector w 11 , he has found 
that W = V 2 , where V = ipd^. The eigenvalue S of the last operator Vip = Sip defines 
the irreducible representation of the little group with W = S 2 . Thus the forth Wigner 
equation is (equation (6.17) in [43]) 

ip^il> = Ety. (87) 

When S = the representations describe usual fixed helicity states of massless particles 
S . When S ^ the representations are infinite-dimensional with infinite helicities 0(H), 
so called "continuous spin representations" CSR. 

This analysis tells us that our equations (43) and definition of the "level" operator 
(44), (45) naturally correspond to the representation of the little group -E'(ll) with E L = 

= S. In our case S is a level number and takes only integer values S = 0, 1, 2, .... The 
ground state corresponds to the representations S with S = and all high level states of 
(a n , (3 n ) oscillators correspond to the CSR representations 0(H) with S = 1,2, .... 

12 Conclusion 

In conclusion let us consider in brief the high levels. The S = 2 level contains twenty five 
tensors because we have five relevant operators in the left sector 

c/>-i, otiPLi, PZiPLi, o£ 2 , (3t 2 
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and the same amount in the right sector. Corresponding tensors are subject to the 
constraints 



/ k 2 


\ 




k ■ e 






k ■ Oil 






k • dii 






k ■ a 2 






k ■ d 2 






e 00 






e 10 






e 20 






e i 




|*2 > = 


©02 






©12 






©21 






©11 






©22 






L x 






U 












V L 2 


J 





k ■ e 
k ■ ai 
k ■ d\ 
k ■ a 2 
k ■ d 2 
m 2 (e 2 



1) + \(a-\ai + + |(«_ 2 «2 + ct- 2 a 2 ) 



im e ■ a\ + 5 a_ia2 



l fe-a 2 
im e ■ a\ + 
i P . 

2 



e ■ a 2 



4«iai 
|a_ia2y 



-\0L X 0L 2 

-\ct 2 a x 
— \a 2 a 2 

aoPi + Pooti + a-iftj + (3-ia 2 
«oA + A)<Si + 6i-i(3 2 + (3-ia 2 
® 2 Po + P 2 a + aiPi 



1*2 >= 0. 



It is rather complicated system of space-time equations and we shell describe solution of 
these equations in a separate place. 

I should also mention that in our early attempts [53, 54] to write down space-time equa- 
tions for the tensionless strings we were using the general finite and infinite-dimensional 
representations of the Lorentz group defined as (j, A), where j is integer or half-integer 
spin and A is arbitrary complex number, very similar to the parameter S introduced in 
the previous section. If A is real and is equal to j plus natural number N — 1, 2, 3.. then 
representation (j, A) is finite-dimensional, otherwise it is infinite-dimensional and contains 
all representations of the little group with spins j + 1, j + 2, The number of repre- 
sentations used in our approach was growing polynomially with spin in order to produce 
physically acceptable spectrum. This grows should be compared with the exponential 
grows of spin states in Ramond generalization of the Dirac equation [52]. 

The author wishes to thank D. Gross for hospitality in KITP in Santa Barbara, where 
part of this work was completed and would like also to thank P.Ramond, C. Thorn and 
R.Woodard for pointing out the Wigner's articles [43] and hospitality in University of 
Florida. This work was supported in part by the EEC Grant no. HPRN-CT-1999-00161. 
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